On stratifiability of mapping spaces  by Shimane, Norihito & Mizokami, Takemi
Topology and its Applications 105 (2000) 201–208
On stratifiability of mapping spaces
Norihito Shimane a,1, Takemi Mizokami b,∗
a The Joint Graduate School (Ph.D. Program) in Science of School Education, Department of Natural Science
Education, Yashiro, Kato-gun, Hyogo 673-1494, Japan
b Department of Mathematics, Joetsu University of Education, Joetsu, Niigata 943-8512, Japan
Received 17 September 1998; received in revised form 17 February 1999
Abstract
We give a mapping space C(X,Y ) that is not M3, where X is a compact metrizable space and Y
has the weak topology with respect to compact metrizable spaces, and show that C(X,Y ) is M3 if X
is a compact metrizable space and K(Y ) is M3. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
All spaces are assumed to be regular T1-spaces. N always denotes the positive integers.
The terms “locally finite”, “closure-preserving” are abbreviated to LF, CP, respectively. For
a space X, let K(X) be the set of all non-empty compact subsets of X and F(X) the set
of all non-empty finite subsets of X. We give K(X) finite topology in the sense of Michael
[3], the base for which consists of all subsets of the following type:
〈U1, . . . ,Uk〉
=
{
K ∈K(X) |K ⊂
⋃{
Ui | i = 1, . . . , k
}
and K ∩Ui 6= ∅ for each i
}
,
where {U1, . . . ,Uk} ⊂ τ (X), the topology of X, and k ∈ N. Let C(X,Y ) be the set of all
continuous mappings of a space X into a space Y and let it have compact-open topology,
the base for which consists of all subsets of the following type:
W(K1, . . . ,Kn;U1, . . . ,Un)=
{
f ∈ C(X,Y ) | f (Ki)⊂Ui for i = 1, . . . , n
}
,
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where
K0 = {K1, . . . ,Kn} ∈F
(K(X)) and U0 = {U1, . . . ,Uk} ∈F(τ (X)).
(For brevity, such subsets are written asW(K0;U0).) We write the space with this topology
again by C(X,Y ). It is known that for regular spaces X,Y,K(X) and C(X,Y ) are regular,
[3, Theorem 4.9.10]; [2, Theorem 3.4.13].
Ceder introduced Mi -spaces (i = 1,2,3) as generalized metric spaces. M3-spaces are
renamed stratifiable spaces by Borges. Later, Gruenhage and Junnila independently showed
that M2-spaces and M3-spaces coincide with each other. In this situation, we do not need
to distinguish between M2-spaces, M3-spaces and stratifiable spaces. So, here we use the
following definition of M2-space in the sense of Ceder as that of an M3-space: A space X
is an M3-space if and only if X has a σ -CP quasi-base.
Let {Xα | α ∈A} be a closed cover of a space X. We say that X has the weak topology
with respect to {Xα}, if any subset ofX whose intersection with eachXα is closed in Xα is
necessarily closed in X. We say that X is dominated by {Xα} if B ⊂X is closed whenever
it has a closed intersection with each member of some {Xα | α ∈A′} which covers B . If X
is dominated by {Xα}, then X has the weak topology with respect to {Xα}, but the reverse
is not true. In [1, Question 2.3] Borges posed the following question: IfX is dominated by a
family of metrizable subspaces {Xα} and S is a compact space, then is C(S,X) M3? In this
paper, we construct a spaceX having the weak topology with respect to compact metrizable
spaces such that C(S,X) is not M3, where S is the compact convergent sequence. This is
a negative partial answer to the Borges’ question. As the positive result, we settle that if X
is a compact metrizable space and K(Y ) is M3, then C(X,Y ) is M3.
As for the fundamental properties of M3-spaces, refer to [1].
2. Example
Example 1. There exists a space X having the weak topology with respect to compact
metrizable spaces such that K(X) is not M3.
Construction. Let us introduce the following notation:
N1 = {1}, N2 =N3 = · · · =N,
T (n)=
∏
{Ni | i = 1, . . . , n}, n ∈N,
T (ω)=
∏
{Ni | i ∈N},
T =
⋃
{T (n) | n ∈N} ∪ T (ω),
F (k1k2 . . . kn−1; k)=
{
p ∈
(⋃{
T (i) | i > n}) ∪ T (ω) ∣∣
the first k coordinates of p are k1k2 . . . kn−1k
}
,
(k1k2 . . . kn−1) ∈ T (n− 1), k ∈N,
T (α)= {α} ∪ {(n1n2 . . . nk) | k ∈N}, α = (n1n2 . . .) ∈ T (ω).
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We topologize T by defining neighborhood bases as follows: All points of
⋃{T (n) | n ∈
N} are isolated and for each α = (n1n2 . . .) ∈ T (ω), let the family{{α} ∪ {(n1 . . .nk) | k > n} | n ∈N}
be the neighborhood base at α. Let S = {ω} ∪ N be a convergent sequence such that
n→ ω as n→∞. Let X be the quotient space obtained from T × S by identifying
T (k) × {ω}, k ∈ N, and T (ω) × {ω} with ω(k), k ∈ N, and ω(ω), respectively. Let ϕ
be the quotient mapping. Define subspace of X as follows:
X(k1k2 . . . kn−1; k)= ϕ
(
F(k1k2 . . . kn−1; k)× S
)
,
(k1k2 . . . kn−1) ∈ T (n− 1), k ∈N,
X[k1k2 . . . kn−1] =
⋃{
X(k1k2 . . . kn−1; k) | k ∈N
}
,
(k1k2 . . . kn−1) ∈ T (n− 1),
X(α)= ϕ(T (α)× S), α ∈ T (ω).
Obviously each X(α) is a compact metrizable space and it is easily observed that X has
the weak topology with respect to {X(α) | α ∈ T (ω)}. We show that K(x) is not M3. For
each k ∈N, let
L(k)= {ω(ω)} ∪ {ω(t) | t > k}.
Then L(k) ∈ K(X) for each k. Assume that K(X) is M3. Then {L(1)} has a CP closed
neighborhood base B̂ in K(X). For each B̂ ∈ B̂, let B =⋃{K | K ∈ B̂}. Then B is a
neighborhood of L(1) in X. For each subfamily B̂′ ⊂ B̂, we let B′ = {B | B̂ ∈ B̂′}. In the
below, we show that the initial assumption leads to a contradiction. To this end, we settle
the next claims:
Claim 1. There exists p(1)= ϕ((1), s1) with s1 ∈N and the subfamily B̂(1) of B̂ satisfying
the following (1), (2):
L(2)∪ {p(1)} ∈ Int B̂ for each B̂ ∈ B̂(1). (1)
There exists k2 ∈N such that
B(1)|X(1; k2) is a neighborhood base of L(2) in X(1; k2). (2)
Proof. Assume the contrary. For each s ∈N, let
Q̂(s)= {B̂ ∈ B̂ | L(2)∪ {ϕ((1), s)} ∈ Int B̂}.
Then B̂ = ⋃{Q̂(s) | s ∈ N}. By the assumption, for each s there exists an open
neighborhoodO(s) of L(2) in X(1; s) such that
B ∩X(1; s) 6⊂O(s) for each B ∈Q(s). (3)
Let O =⋃{O(s) | s ∈N}. Then O is an open neighborhood of L(2) in X[1]. Since B̂ is a
neighborhood base of {L(1)} in K(X), there exists B̂ ∈ B̂ such that
L(2) ∈ {K ∩X[1] |K ∈ B̂}⊂ 〈O〉.
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Take s ∈N with B̂ ∈ Q̂(s). Then this is a contradiction to (3). 2
Claim 2. There exists p(2) = ϕ((1k2), s2) with s1 < s2 ∈ N and B̂(2) ⊂ B̂(1) satisfying
the following (4), (5):
L(3)∪ {p(1),p(2)} ∈ Int B̂ for each B̂ ∈ B̂(2). (4)
There exists k3 ∈N such that
B(2)|X(1k2; k3) is a neighborhood base of L(3) in X(1k2; k3). (5)
Proof. Assume the contrary. For each s ∈N, let
Q̂(s)= {B̂ ∈ B̂(1) | L(3)∪ {p(1), ϕ((1k2), s)} ∈ Int B̂}.
Then by (1)
B̂(1)=
⋃{Q̂(s) | s ∈N, s > s1}.
By assumption, for each s > s1 there exists an open neighborhood O(s) of L(3) in
X(1k2; s) such that
B ∩X(1k2; s) 6⊂O(s) for each B ∈Q(s). (6)
For each s 6 s1, let O(s) = X(1k2; s). Then O = ⋃{O(s) | s ∈ N} is an open
neighborhood ofL(3) inX[1k2]. By (2), there exists B̂ ∈ B̂(1) such that B∩X(1; k2)⊂O .
Take s ∈N with B̂ ∈ Q̂(s) and s1 < s. But this is a contradiction to (6). 2
Since p(2) 6= ω(2), by (2) there exists B̂(1) ∈ B̂(1) such that p(2) /∈ B(1). This implies〈
X, {p(2)}〉∩ B̂(1)= ∅.
On the other hand, by (1)
L(2)∪ {p(1)} ∈ B̂(1).
By the same discussion as Claim 2, we can choose p(3), B̂(3) and k4 satisfying the
following (7)–(9):
p(3)= ϕ((1k2k3), s3) with s1 < s2 < s3 ∈N. (7)
B̂(3)⊂ B̂(2) and for each B̂ ∈ B̂(3)
L(4)∪ {p(1),p(2),p(3)} ∈ Int B̂. (8)
B(3)|X(1k2k3; k4) is a neighborhood base of L(4) in X(1k2k3; k4). (9)
Using (4) and (5), we can take B̂(2) ∈ B̂(2) such that:
L(3)∪ {p(1),p(2)} ∈ B̂(2), 〈X, {p(3)}〉∩ B̂(2)= ∅.
Repeating this process, we can choose sequences {p(n)}, {kn}, {B̂(n)} satisfying (10)–
(12): For each n,
p(n)= ϕ((1k2 . . . kn), sn) with s1 < s2 < · · ·< sn ∈N, (10)
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L(n+ 1)∪ {p(1), . . . , p(n)} ∈ B̂(n) and 〈X, {p(n+ 1)}〉∩ B̂(n)= ∅, (11)
B̂(n) ∈ B̂. (12)
Let
K = {p(n) | n ∈N}∪ {ω(ω)}.
Then by (10),K ∈K(X). But by the latter equality of (11), K /∈ B̂(n) for each n. If we let
K(n)= L(n+ 1)∪ {p(1), . . . , p(n)}, n ∈N,
then by the former relation of (11)K(n) ∈ B̂(n) for each n. From the construction, we can
observe that{
K(n) | n ∈N}∪ {K} ⊂K(X(α))
for α = (1k2k3 . . .) ∈ T (ω) and K(n)→ K as n→∞. This is a contradiction because
{B̂(n)} is CP in K(X) by (12). This completes the task.
Example 2. There exist a space X having the weak topology with respect to compact
metrizable spaces and a convergent sequence S such that C(S,X) is not M3.
Construction. We show that for same spaces X, S as in Example 1, C(S,X) is not M3.
So, we use the same notations as there. Assume that C(S,X) is M3. Let C0 be the subset
of C(S,X) consisting of all members f ∈ C(S,X) satisfying either (13) or (14):
f (ω)= ω(ω) and there exists k ∈N such that
f (n)= ω(n) for each n> k and
f (n) ∈ ϕ(T (n)× S\{ω}) for each n < k. (13)
f (ω)= ω(ω) and f (n) ∈ ϕ(T (n)× (S\{ω})) for each n ∈N. (14)
Then the subspace C0 is M3. Let f0 be a fixed member of C0 satisfying (13) such that
f0(ω)= ω(ω) and f0(n)= ω(n) for each n ∈ N. Then f0 has a CP closed neighborhood
base A in C0. For each A ∈A, let
[A] = {f (S) | f ∈A}⊂K(X).
Then we show that {[A] | A ∈A} is a CP closed neighborhood base of L(1) = f0(S) in
K0 = {f (S) | f ∈C0}. To see that it is CP inK0, letA0 be any subfamily ofA and suppose
f (S) ∈K0\
⋃{[A] |A ∈A0}.
This implies f ∈ C0\⋃{A | A ∈ A0}. Since ⋃{A | A ∈A0} is closed in C0, there exists
an open neighborhoodO of f in C0 such that
O ∩
(⋃{
A |A ∈A0
})= ∅.
Taking f ∈C0 and the fact that
ϕ
(
T (n)× (S\{ω}))∩ ϕ(T (m)× (S\{ω}))= ∅, n 6=m,
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into account, we can choose the following basic open neighborhood of f in C(S,X),
contained in O :
W
({1}, . . . , {k − 1}, {ω} ∪ {k, k + 1, . . .}; {f (1)}, . . . ,{f (k− 1)},W),
where k ∈ N and W is an open neighborhood of {ω(ω)} ∪ {ω(k),ω(k + 1), . . .} in⋃{ϕ(T (n)× (S\{ω})) | n> k} ∪ ϕ(T (ω)× S). These imply
K0 ∩
〈{f (1)}, . . . , {f (k − 1)},W 〉∩ (⋃{[A] |A ∈A0})= ∅.
Therefore {[A] | A ∈A} is CP in K0. Similarly, the closedness of each [A] follows. It is
obvious that {[A] | A ∈A} is a neighborhood base of L(1) in K0. Here, we note that the
essential part of the discussion of Example 1 can apply to this case. Hence we can get a
contradiction.
3. Stratifiability of C(X,Y ) via K(X)
In spite of the result [4, Corollary 2.7], we give the direct proof to the following:
Theorem 3. If X is a compact metrizable space and K(Y ) is M3, then C(X,Y ) is M3.
Proof. Since Y ↪→ K(Y ), Y is M3, and consequently submetrizable. Therefore there
exists a sequence {U(n) | n ∈N} of LF open covers of Y satisfying the following:
For each n, U(n+ 1) < U(n) and if y 6= y ′, y, y ′ ∈ Y, there exists n ∈N and
neighborhoods V (y),V (y ′) of y, y ′ in Y, respectively, such that
S
(
V (y),U(n))∩ V (y ′)= ∅. (15)
(This condition is nothing but that Y has a regular Gδ-diagonal in the sense of Zenor
[5].) Since X is compact, by [2, 3.12.27(j)] C(X,Y ) is embedded into K(X × Y ) by the
embeddingG :C(X,Y )→K(X× Y ) defined by
G(f )= {(x, f (x)) | x ∈X}, f ∈ C(X,Y ).
So, it suffices to show that G(C(X,Y )) is M3, that is, it has a σ -CP quasi-base. Since X
is compact metrizable, there exists a countable base O for X closed under finite unions.
Let K be the family of closures of members of O. For each n, let ∆(n) be the totality
of pairs δ = (K(δ),U(δ)), where K(δ) ∈ F(K) is a cover of X and U(δ) ∈ F(U(n)), the
members of which are in a one-to-one correspondence. For each δ = (K(δ),U(δ)) ∈∆(n)
with K(δ)= {K1, . . . ,Ks} and U(δ)= {U1, . . . ,Us}, let
V (δ)=
s⋂
i=1
〈
X× Y\(Ki × (Y\Ui))
〉
.
Then it is easy to see that V(n) = {V (δ) | δ ∈ ∆(n)} is an open cover of G(C(X,Y )) in
K(X× Y ). We define a subspace K0 as follows:
K0 =
{
L ∈K(X× Y ) | piX(L)=X
}
,
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where piX is the projection ontoX. Then it is easily observed thatK0 is closed inK(X×Y ).
We settle the next two claims:
Claim 1. V =⋃{V(n) | n ∈N} has the following property:
If f ∈ C(X,Y ) and L ∈K0 such that G(f ) 6= L, then
there exists V ∈ V such that G(f ) ∈ V and ClK0(V ∩K0)⊂K0\{L}. (16)
Proof. There exists (x, y) ∈L\G(f ). This implies y 6= f (x). Therefore by (15) there exist
n ∈N and open neighborhoods V (y), V (f (x)) of y, f (x) in Y , respectively, such that
S
(
V (f (x)),U(n))∩ V (y)= ∅.
Take a cover {K1,K2} ofX such thatK1, K2 ∈K, x ∈ IntK1 ⊂K1 ⊂ f−1(V (f (x))), x ∈
X\K2 and X\ IntK1 ⊂K2. Then it is easy to see that 〈X× Y, (X\K2)×V (y)〉 is an open
neighborhood of L in K(X× Y ) such that〈
X× Y, (X\K2)× V (y)
〉∩ S(G(f ),V(n))= ∅.
From this relation, any member V of V(n) containingG(f ) satisfies (16). 2
Claim 2. V|G(C(X,Y )) is a σ -LF family of open subsets of G(C(X,Y )).
Proof. Note that
G
(
C(X,Y )
)∩ V (δ)=G(W(K(δ);U(δ)))
for each δ ∈∆(n), n ∈N. So, it suffices to show that for each cover K∗ = {K1, . . . ,Ks} ∈
F(K) and n ∈N,
V0 =
{
W(K∗;U(δ)) | δ ∈∆(n), U(δ)= {U1, . . . ,Us} ∈F(U(n))
}
is LF in C(X,Y ). To this end, let f0 ∈ C(X,Y ). Since X is compact, there exists a finite
open cover {O(i) | i = 1, . . . , k} of f0(X) in Y such that for each i
U(i)= {U ∈ U(n) |U ∩O(i) 6= ∅}
is finite. Then U0 =⋃{U(i) | i = 1, . . . , k} is also finite. Take C1, . . . ,Ck ∈K(X) such that
f0 ∈W
(
C1, . . . ,Ck;O(1), . . . ,O(k)
)= Ŵ .
To see that Ŵ intersects only finitely many members of V0, suppose Ŵ ∩ W(K∗;
U(δ)) 6= ∅, whereW(K∗,U(δ)) ∈ V0. Take g ∈ Ŵ ∩W(K∗;U(δ)). Then for eachKj ∈K∗,
Kj ∩Ci 6= ∅ for some i , which means Uj ∩O(i) 6= ∅. Hence U(δ)⊂ U0. 2
Finally, we show that G(C(X,Y )) is M3. By [4, Theorem 2.2] there exists a perfect
mapping ϕ of K(X× Y ) onto K(Y ). Let ϕ0 = ϕ|K0. Then ϕ0 is also perfect because K0 is
closed. By the assumption, there exists a σ -CP closed quasi-base B for ϕ0(K0). LetW be
the family of all finite intersections of members of V . By Claim 2,W|G(C(X,Y )) is also
σ -LF in G(C(X,Y )). We define
P = (ϕ−10 (B)∪ (ϕ−10 (B)∧W)) |G(C(X,Y )).
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Then it is easily checked that P is a σ -CP family in G(C(X,Y )). To see that P is a quasi-
base for G(C(X,Y )), let f ∈ C(X,Y ) and Ô an open neighborhood of G(f ) in K0. As
the first case, suppose ϕ−10 (ϕ0(G(f )))⊂ Ô . Then ϕ∗0 (Ô)= ϕ0(K0\ϕ0(K0\Ô)) is an open
neighborhood of ϕ0(G(f )) in ϕ0(K0). There exists B ∈ B such that
ϕ0
(
G(f )
) ∈ IntB ⊂ B ⊂ ϕ∗0 (Ô).
This implies that
G(f ) ∈ IntP ⊂ P ⊂ Ô ∩G(C(X,Y )),
where P = ϕ−10 (B)∩G(C(X,Y )) ∈ P . As the second case, suppose ϕ−10 (ϕ0(G(f ))) 6⊂ Ô .
By Claim 1, there exists W ∈ W with G(f ) ∈ W and an open neighborhood Ĝ of
ϕ−10 (ϕ0(G(f )))\Ô in K0 such that W ∩ Ĝ= ∅. By the same discussion as the first case,
we can take B ∈ B such that
G(f ) ∈ Intϕ−10 (B)⊂ ϕ−10 (B)⊂ Ô ∪ Ĝ.
Then P = ϕ−10 (B)∩W ∩G(C(X,Y )) ∈ P satisfies
G(f ) ∈ IntP ⊂ P ⊂ Ô ∩G(C(X,Y )).
Thus we have shown that P is a σ -CP quasi-base for G(C(X,Y )), completing our
task. 2
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